ABSTRACT. Let Ω be a flat torus and G be the green's function of −∆ on Ω. One intriguing mystery of G is how the number of its critical points is related to blowup solutions of certain PDEs. In this article we prove that for the following equation that describes a Chern-Simons model in Gauge theory: e103 e103 (0.1)
INTRODUCTION
Let Ω = R/Zω 1 × R/Zω 2 be a flat torus, ∆ be the Laplace-Beltrami operator with the property −∆ ≥ 0 and we use G(·, ·) to denote the Green's function of −∆ over Ω with periodical boundary condition:
|Ω| , G(x, p) is doubly periodic on ∂ Ω,
where |Ω| is the measure of Ω, δ p stands for the Dirac mass at p ∈ Ω. Although G(x, p) can be explicitly solved in terms of elliptic functions, it was only found out recently that G(x, p) has either three or five critical points, as a function of x. In their celebrated work [31] Lin and Wang reveal the surprising ties between the number of critical points of G with the bubbling phenomena of the following mean field equation e101 e101 (1.2) ∆u + e u = ρδ p .
Note that G(x, p) = G(x − p, 0) because of the translation invariance. For simplicity, we may only consider G(x) = G(x, 0). Since G(x)
is even, it is easy to see that the half period (ω 1 + ω 2 ) are critical points and other critical points must appear in pairs with some symmetry. When ρ = 8π, Lin-Wang showed that there is only one extra pair of critical points which corresponds to an one-parameter scaling family of solutions to (1.2). We refer the readers to [29, 9] for more recent developments on this direction.
The first main result in this paper is to connect the number of critical points of the Green's function over Ω with the bubbling phenomenon of the following system: e102 e102 (1.3) ∆u 1 + 1 ε 2 e u 2 (1 − e u 1 ) = 8πδ p 1 ∆u 2 + 1 ε 2 e u 1 (1 − e u 2 ) = 8πδ p 2 in Ω.
System (1.3) arises from the relativistic self-dual [U (1)] 2 Chern-Simons model proposed by Kim et al [26] . It is known that the number of critical points of the Green function depends on the geometry of the underlying flat torus. Our first main result is: The definition of fully bubbling solutions of the Liouville type will be given later in this section.
The proof of Theorem 1.1 is based on recent developments on the Green's function over flat torus in [31, 29, 9] and necessary conditions of fully bubbling solutions in Theorem 1.2. Here we first give a brief introduction of the physical background of (1.3).
In the works of Hong, Kim and Pac [22] , and Jackiw and Weinberg [25] , a model with one Chern-Simons gauge field was considered and selfdual Abelian ChernSimons-Higgs vortices were constructed to describe anyonic solitons in 2+1 dimensions. Later, Speilman et al. [40] observed no parity breaking in an experiment with high temperature superconductivity. Hagen [20] and Wilczek [44] indicated that the parity broken may not happen in a field theory with even number of ChernSimons gauge fields. One of the simplest models of this kind is the [U (1)] 2 ChernSimons model of two Higgs fields, where each of them is coupled to one of two Chern-Simons fields. The Lagrangian action density for the [U (1)] 2 Chern-Simons model is given by
µ F (2) µν + A (2) µ F (1) µν
where ε > 0 is a coupling parameter, (A (1) µ ) and (A (2) µ ) are two Abelian gauge fields with the electromagnetic fields F µ φ i (µ = 0, 1, 2, i = 1, 2), and the Higgs potential V (φ 1 , φ 2 ) takes the following form:
After a BPS reduction [1, 39] , we obtain that the energy minimizer satisfies the following self-dual equation:
er3 er3 (1.6)
12 + 1 2ε 2 |φ 2 | 2 |φ 1 | 2 − 1 = 0, F (2) 12 + 1 2ε 2 |φ 1 | 2 |φ 2 | 2 − 1 = 0. Let u i,ε = ln |φ i | 2 , and {p i,1 , . . . , p i,N i } be the zeros of φ i for i = 1, 2. Then (u 1,ε , u 2,ε ) satisfies e001 e001 (1.7) 2,i in Ω ,
where Ω is either a flat torus or R 2 . See [26, 19, 27] for the details of the derivation of (1.7) from (1.6). In this paper, we consider the case of flat torus. We refer the readers to [27, 28, 10, 24, 21, 11] and reference therein for recent developments.
When u 1 ≡ u 2 and {p 1 i }
j=1 , the system (1.7) reduces to the Abelian Chern-Simons equation with one Higgs particle proposed by Kim-Pac [22] and Jackiw-Weinberg [25] ,
which has been extensively studied for more than twenty years. We refer the readers to [41, 42, 3, 13, 18, 43, 4, 14, 16, 17] and the reference therein for more details. Choe and Kim [15] established the Brezis-Merle type alternative [2] for (1.8). They showed that (1.8) may have a sequence of solutions satisfying the following:
There is a finite set
where q j = lim ε x j,ε . Solutions of (1.8) satisfying (1.9) and (1.10) are called bubbling solutions or blow-up solutions and q j is called the blow-up point of the bubbling solution. We denote β j,ε = u ε (x j,ε ). It was shown in [15] that either β j,ε → −∞ or β j,ε is bounded. After suitable re-scaling, the bubbling solutions u ε converge to an entire solution of either [35, 33, 36] . Set
By the transformation u i → u i + u 0,i (i = 1, 2), (1.7) is reduced to the following system. e002 e002 (1.14)
in Ω,
where u 1 and u 2 are doubly periodic on ∂ Ω. The sequence of solutions (u 1,ε , u 2,ε ) of (1.14) is said to be fully bubbling if there exist
is the ball centered at q j with radius d. Here we
In this paper, we will investigate the fully bubbling solutions to (1.7) satisfying the following assumptions.
Solutions satisfying (1),(2), (3) and (A1),(A2), (A3) are called fully bubbling solutions of Liouville type since after suitable rescaling, their limiting equations are a Liouville system (see (3.2) below).
As mentioned before, one essential ingredient in the proof of Theorem 1.1 is a necessary condition for the fully bubbling solutions of Liouville type whose blowup points are regular points. Before we state the second main result in this paper, we introduce some notations.
where γ(x, q) is the regular part of G(x, p). We define the quantity D (2) (q) as follows
where {Ω j } j=1,··· ,k is any open set with 
The proof of Theorem 1.2 is established by delicate blowup analysis, which is involved with handling difficulties that had never appeared before. One crucial estimate is to prove that the blowup solutions are very close to a sequence of global solutions. In order to achieve this goal we need to prove that the energy of the blowup solutions is very close to that of the global solution on each component! It is well known that for such systems there is only one Pohozaev identity, which is not enough for us to determine the energy of each component precisely. In this article we take advantage of the special form of the main equation to overcome this major difficulty. Our approach is likely to impact the study of bubbling solutions of many Liouville systems. The detailed discuss will be carried out in later sections. The following theorem of the first author actually proves that fully bubbling solutions of Liouville type do exist:
Then there exists a sequence of fully bubbling solutions of Liouville type to (1.14).
The organization of this paper is as follows. The second section is devoted to the proof of Theorem 1.1. In Section 3, we obtain the rough profile of the bubbling solutions. In Section 4, we define the approximating solutions to the bubbling solution and establish estimates of error terms. Then in Section 5, we prove that the blow-up set q is the critical point of G * 1 and G * 2 , and further improve the estimate in Section 4, which leads to the proof of Theorem 1.2.
2. PROOF OF THEOREM 1.1
In the beginning of this section, we present some properties of the Green function defined on a flat torus Ω = R/Zω 1 × R/Zω 2 . Lin and Wang [31] used nonlinear partial differential equations to study the number of critical points of Green function on flat torus.
Theorem 2.1. [31]
The Green function has at most five critical points.
Note that half periods By [29] and [9] , we know the sign of D(q).
thm53 Theorem 2.2. [29, 9] Suppose G(x, 0) has extra critical points, then
and D(extra critical point) = 0.
(Proof of Theorem 1.1) Let (u 1,ε , u 2,ε ) be a Liouville type fully bubbling solution of (2.2) 2, 3 . We assume that q is the blow-up point. We will prove this theorem by contradiction, so assume the critical points of 2, 3 . We will discuss all possible cases and obtain a contradiction.
Note that 2, 3 which is called four torsion point. By Theorem 1.1 of [9] , a four torsion point cannot be a critical point of G(x, 0). We thus conclude that G(x, 0) has exactly three critical points.
PROFILE OF THE BUBBLING SOLUTIONS
In this section, we show the local uniform estimate for the bubbling solution.
Here we recall that (u 1,ε , u 2,ε ) is a sequence of fully bubbling solutions of Liouville type to (1.14) .
We assume that max{u 1,ε (x), u 2,ε (x)} is attained at x j,ε for x near q j and set
Here we recall that β j,ε → −∞ and µ j,ε → ∞ as ε → 0. Letū i,ε be defined as
Then we prove that (u 1,ε (x), u 2,ε (x)) can be accurately approximated by the solutions to the following Liouville system
and we use
and the partition energy of (u 1,ε , u 2,ε )
where Ω j is defined in (1.19) . One crucial step in the proof of Theorem 1.2 is the closeness of m i, j,ε andM i, j,ε as well as 8π andM i, j,ε . It is easy to prove thatM i, j,ε satisfies
But in order to obtain accurate estimate betweenū i,ε and V i, j,ε we need precise estimate of 8π −M i, j,ε for each i = 1, ..., k. In this section we shall first establish
and eventually we shall prove
It is also interesting to compare our system with SU (3) Toda system. For the result (2) in Theorem 1.2, it is not simply obtained by the same argument in SU (3) Toda system [32] because of different dimension of kernel space at an entire solution. Due to the coupling term e u 1 +u 2 in (1.7), we only know that the blow-up set q is the critical point of G * 1 + G * 2 (see Lemma 3.2). Another difficulty arises from this fact when we estimate the error term (η 1, j,ε , η 2, j,ε )(see (4.7)).
pro21 Proposition 3.1. Let (u 1,ε , u 2,ε ) be a bubbling solution of (1.14), then
The proof of this proposition is quite long and starts with some preliminary lemmas. We first investigate the behavior of (u 1,ε , u 2,ε ) away from the blow-up set {q 1 , · · · , q k }. Even though we assume N 1 = N 2 = 2k, the following two lemmas are still true for (N 1 , N 2 ) satisfing
Proof. We only prove the case i = 1. By the assumptions on the fully bubbling solutions, we find for any θ ∈ (0, δ ),
By this and Green representation, we see that for
where the following fact is used:
Indeed, by 1 ε 2 e u 2,ε +u 0,2 (1 − e u 1,ε +u 0,1 ) → 0 away from blowup points and the fact that |y − q j | → 0 as y → q j , we see that (3.12) holds easily.
Similarly we have
The location of the blow-up point can be determined by the Pohozaev identity below.
Proof. Fix j ∈ {1, · · · , k} and let
. For h = 1, 2, we consider the following Pohozaev identity for (3.15), which is obtained by multiplying D hū2,ε to the first equation and D hū1,ε to the second equation and integration by parts:
where ν stands for the outer normal vector and ν h =< ν, h >. Then by Lemma 3.1 and (3.12) the right hand side (RHS) of (3.16) tends to
. In order to evaluate the left hand side of (3.16) we introduce the following functions:
It is easy to see that ∆F i (x, q j ) = 0 for x = q j . By this, (3.18) and (3.13), we obtain LHS of e056 e056 (3.16)
Thus, (3.14) follows from (3.17) and (3.19).
Next, we will show that m
where
On the other hand, it was proved by Chanillo-Kiessling [5] that (M 1, j , M 2, j ) satisfies the following Pohozaev identity
Here we note that by standard potential theory it is easy to prove M 1, j , M 2, j > 4π. Now we write (3.24) as
Since (u 1,ε , u 2,ε ) is fully bubbling, we have
Combing (3.23), (3.25) and (3.26), we have
We conclude that M i, j = 8π. Furthermore, by (3.23) and (3.26) again, we obtain m * i, j = 8π.
lem24 Lemma 3.4. For i = 1, 2, j = 1, · · · , k, and any small θ ′ > 0, there exists a constant C > 0 such that
Proof. By symmetry we only prove the case i = 1. Using the Green's representation formula of u 1,ε , we have
Taking out the regular part of G we have (3.31) whereũ 0,1 is understood similarly. Let θ > 0 be a small constant. By (3.20) , there exists R > 0 such that
For R ≤ |y| ≤ 
Let σ > 0 be a small constant, then
where C is a constant. Furthermore, if |z| >> R, then
By these, (3.31), (3.33) and (3.34), we conclude that
By this lemma, we could refine the estimate of (3.28) as follows.
lem25 Lemma 3.5. For i = 1, 2, and j = 1, · · · , k, it holds e070 e070 (3.36)
Proof. As in (3.30), we find
e038 e038 (3.38) where Lemma 3.4 is used. Since
the last term in (3.36) is
In fact one just considers subregions like |z| < |x j,ε |/2, |z −x j,ε | ≤ |x j,ε |/2, |z| > 2|x j,ε |, etc. Because of the fast decaying rate in (3.39) the derivation of (3.36) is standard and is therefore omitted.
With this lemma, we can further refine Lemma 3.1 as follows. In the next section(see Lemma 5.3), we will prove that µ 1,ε , · · · , and µ k,ε are comparable, so we still use O(µ
lem26 Lemma 3.6. For i = 1, 2, we have (3.40)
Proof. By Lemma 3.5, we know
On the other hand, by Lemma 3.1, we find
Thus, from (3.41) and (3.42), we conclude that
and similarly,
As a result, for x ∈ Ω \ ∪ k j=1 B θ (x j,ε ) we use (3.1) to obtain
Similarly, ∇u 1,ε (x) satisfies:
2 ) In this section, we will prove a sharper estimate than (3.8) in Proposition 3.1. Before we state the result of this section, we introduce the approximation solutions and their asymptotic behavior. For j = 1, · · · , k, we use (V 1, j,ε ,V 2, j,ε ) to denote the global solutions of e095 e095 (4.1)
The system (4.1) is an irreducible Liouville system whose classification can be found in [12] and [37] . By the classification theorem for such Liouville systems, (V 1, j,ε ,V 2, j,ε ) is radially symmetric with respect to the origin.
For |x| large, it is well-known that
where {I i, j,ε } is a sequence of constants tending to a finite constant I i, j when ε → 0, and
Let (φ 1 , φ 2 ) be solutions of the linearized system of (4.1).
(4.4)
By Theorem 2.1 of [38] , if |φ i (x)| ≤ C(1 + |x|) τ for all x ∈ R 2 for some τ ∈ (0, 1) and φ 1 (0) = φ 2 (0) = 0, there exist c 1 and c 2 such that
If |φ i (x)| ≤ C for all x ∈ R 2 , there exist c 0 , c 1 and c 2 such that e097 e097 (4.6)
Without loss of generality, we may assume that u 1,ε (x 1, j,ε ) = β j,ε . Denote the error term (η 1, j,ε , η 2, j,ε ) as follows.
It is not difficult to see that
Thus, by this and (4.7), we obtain
By the choice of x * j,ε and Lemma 3.2, we have
and fije fije (4.10)
For any function ξ (x), we definẽ
where g 1, j,ε and g 2, j,ε are e110 e110 (4.12)
By Proposition 3.1, we find that
For τ > 0 and τ ′ > 0, we set
where α ε = ε 2τ e −τβ j,ε + e τ ′ β j,ε = µ −2τ j,ε + e τ ′ β j,ε . The main goal in this section is to show that N ε is bounded for 0 < τ ≤ 1 2 and 0 < τ ′ < 1, and in the next section we will improve the boundedness of N ε for 0 < τ < 1 and 0 < τ ′ < 1.
pro31 Proposition 4.1. e004 e004 (4.14)
N ε ≤ C for some constant C, 0 < τ ≤ 1 2 and 0 < τ ′ < 1. We will prove (4.14) by contradiction. Thus, we suppose that
For simplicity, we set x j,ε = x ε . In the following lemma, we show that the radial part is a dominant term.
Proof. Suppose it is not true, then there exists c 0 > 0 such that N * ε ≥ c 0 N ε . We may assume there exist x ′ ε and x ′′ ε with |x ′ ε | = |x ′′ ε | such that
We also assume that x ′ ε and x ′′ ε are symmetric with respect to
and
We divide the proof of this lemma into the following steps.
Step 1. We claim |x * * ε | ≤ 1 2 µ j,ε δ . We will prove this claim by contradiction. By Lemma 3.6, we find that , we obtain 15) which is a contradiction to what we assumed of N * * ε .
Step 2. We claim that |x * * ε | is bounded. We prove this claim by contradiction. After calculation, we have
e007 e007 (4.16) where f i, j,ε is defined in (4.9). Moreover we have
Recall that Dω 1, j,ε (x * * ε ) = 0 and ∆ω 1, j,ε (x * * ε ) ≤ 0. If |x * * ε | ≥ R for some large R > 0, then
By this and (4.16), we obtain
Note that α ε N ε = o(1). We deduce from (4.17) that e112 e112 (4.18 )
and |x * * ε | is large. It is a contradiction to N * ε ≥ c 0 N ε → ∞.
Step 3.
in any compact set of R 2 , and (ω 1 , ω 2 ) satisfies re2 re2 (4.19)
On the other hand, we deduced from Dη 1, j,ε (0) = O(µ −2 j,ε ) that Dω 1 (0) = 0. Together with (4.19), we obtain ω 1 = ω 2 ≡ 0. This is a contradiction. We conclude that
(Proof of Proposition 4.1 ) Denote
By Lemma 4.1, we conclude that
Without loss of generality, we assume that
at r ε . Suppose r ε is bounded. By integrating (4.11), we obtain e099 e099 (4.21)
By (4.20), we have
and by (4.16)
, and thus ϕ 1 (0) = ϕ 2 (0) = 0, which implies (ϕ 1 , ϕ 2 ) ≡ (0, 0), a contradiction to the fact that at least one of ϕ * 1, j,ε (r ε ) and ϕ * 2, j,ε (r ε ) is 1. Next, assume that r ε → ∞. After calculation, we obtain
for r > 1. Let r 0 be a large constant. Then
from which, we deduce that
Again, it is a contradiction. We conclude that N ε is bounded. 
With this proposition and symmetry, we are led to a refined estimate for the radial part of g i, j,ε , h i, j,ε . Note that
By (3.25), (3.26) and symmetry, we have
where r = |x − x j,ε |. Then, using the same argument of Lin-Zhang(page 2608 of [38] ), we have an estimate for the radial part ofη i, j,ε .
pro42 Proposition 5.2. It holds
By Proposition 5.1 and Proposition 5.2, we have an estimate for the convergence rate ofM i, j,ε to 8π. lem42 Lemma 5.1. For i = 1, 2, and j = 1, · · · , k, we have
Proof. For convenience, we only prove for the case of i = 1. By Proposition 5.1, we find
As in (5.3), we obtain
By Proposition 5.2, we have
On the other hand, by Proposition 5.1, we have
After a direct calculation, we find
).
Combining (5.7)-(5.12), we conclude that
. By these and (3.25), we obtain
We thus conclude thatM
Applying this to the equations (5.7)-(5.12), the term o(1) in the exponent of µ j,ε can be removed. We thus obtain (5.5). ε ) ). In the next lemma, we show that the heights of the bubbles are comparable. 
Proof. It follows from Proposition 5.1 that
. By this and Lemma 5.2, we find
So, (5.17) follows from Lemma 5.1.
rem51 Remark 5.1. In view of (5.18), we know that
Furthermore, by the classification of (V 1, j,ε ,V 2, j,ε ) and Lemma 5.1, we obtain With this lemma, we can obtain a estimate for η i, j,ε in Ω \ ∪ k j=1 B δ (x j,ε ).
Proof. By (5.18) 22) where the last equality follows from Lemma 5.2.
Proof. Since (u 1,ε , u 2,ε ) is doubly periodic on ∂ Ω, by integrating (1.14), we have e009 e009 (5.23) 8kπ
Recall that
By (4.7), we have
By integrating (5.25) over Ω j , we have
Similarly, we set
By Green's identity and (5.27), we obtain
We estimate the right hand side of (5.28). As in (5.8), we have
for some positive constant C 2, j,ε and lim ε→0 C 2, j,ε > 0. By (5.1) and Proposition 5.1, we obtain
where lim ε→0 C 1, j,ε > 0. As the calculation of (5.29), we have
for some positive constant B j,ε with lim ε→0 B j,ε > 0.. Thus, we conclude that
On the other hand, by (5.26) and Lemma 5.1, For convenience, we set τ ′ = τ. On the other hand, It is easy to see that Theorem 1.2 follows immediately from Lemma 5.5.
